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Abstract—Homogenization is a mean field approach for the the strain tensor, betwedéhthe magnetic induction and the
determination of the effective properties of heterogenea mate- magnetic field, and betweeld the electric induction andE

rials. Nevertheless further information about the field digribution he electric field. One possible choice is to regrdypH and
can be obtained such as second order moments. The use og )

second order moments can notably improve the estimates of ¢h E on one side (later referred to &9, and to regrous, B

macroscopic behavior in the nonlinear case. This has beenustied and D on the other side (later referred to %3. The linear
mainly in the case of uncoupled behavior. We propose to define constitutive law reads:
second order moments in the case of coupled elasto-magneto- t t
: ; i N T C ‘q ‘e S
electric behavior using homogenization tools. The resultsare ‘
compared to the field fluctuations obtained from a Finite Elenent H = qa v A ’ B 1)

model. E e N B D

whereC is the elastic stiffness tensar,the magnetic reluc-
tivity tensor, 8 the inverse permittivity tensor; the piezo-
magnetic tensog; the piezoelectric tensor andthe magneto-
céaeféctric tensor. The constitutive law can be condensed into

I. INTRODUCTION

Homogenization is a modeling approach that enables to
termine the effective behavior of heterogeneous matefidls
[2]. It makes use of the properties of the material constitsie Y=L-X (2)
and of a limited statistical description of its microstuure.

In most cases, and particularly for linear behavior, the d8: Homogenization model

termination of mean fields per phase is sufficient to perform Homogenization models have been mainly developed in
the homogenization process. Nevertheless, further irdom  the framework of uncoupled behavior. A framework for the
about the field distribution may be necessary in some casggmogenization of coupled behavior has been recently pro-
particularly when dealing with nonlinear constitutive Bw posed [6]. It is based on the decomposition of.@hasic
_In_format|on on field fluctuations can be obtalne(_j by dete_ﬁ'eterogeneous problem intobi-phasic elementary inclusion

mining second order moments. They can be estimated Wfoplems [7]. The coupled behavior is accounted for through
homogenization tools. This point has been deeply investtha o appropriate decomposition of fields. The principle is to
in the case of uncoupled (mechanical, electric, mag”Et@écompose the fields deriving from a potenti@l K and E)

behavior (see for instance [3], [4], [5]). We propose to dgnto several contributions, related to the physical origirihe
fine second order moments in the case of coupled behavigyiqy (Eq. 3).

Elasto-magneto-electric couplings are considered. Thdeino S= 4o+
relies on a previous homogenization model based on a field H = HS + H¥ + H® (3)
decomposition into several contributions depending orir the E=EC+EM4+E®

physical origin [6]. _ _

In the first part, elasto-magneto-electric constitutiverda FOr €xample, the total strain tensdican be decomposed into
are briefly presented. In the second part, the determinati®f elast|c_ Str@'fﬁc caused by the stresg, supenmpose_d 0
of second order moments of the fields is derived in the ca@dMagnetism induced straB" (also called magnetostriction
of coupled behavior. In the last part, this homogenizaticiirain) related to the magnetic state, and to an electricity
approach is applied to a piezoelectric composite. The tesynduced strainS® (also called electrostriction strain) related

for second order moments are compared to Finite Elemdftthe electric state. The use of this decomposition allows
simulations. the use of the uncoupled homogenization tools in order to

express localization operators (linking the local fieldsthe
macroscopic ones). This scheme enables to define the effecti
property tensot.:

The constitutive law of elasto-magneto-electric matsrial Y= ={LX)=L-X)=L-X )
can be written in different ways, depending on the choice wfere the operataf) denotes an averaging operation over the
the independent variables betwe€rnthe stress tensor arfd whole volume of the material.

Il. CONSTITUTIVE LAWS - HOMOGENIZATION
A. Elasto-magneto-electric materials
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Il1l. SECOND ORDER MOMENTS

The effective property tensdr of a composite material is .
classically defined as the link between the macroscopicsfield +
Y and X (Eqg. 4). But an energetic definition df could ‘
also be given, noting that, thanks to the proposed choice
of independent variables, the quantify- 6X represents the

energy variation. Eq. 5 expresses the macroscopic energy in A —— &31 homogenization
the composite as the average of the local energy over the - - ¢33 homogenization
2 + €31, e3a Finite Element
volume.
(X-L-X)=X-L-X (5) .
Let now consider a small variation of the properties of the L o e e b b — = = = = = = —
constituents, while maintaining constant the macroscbeid * " "Volumetric fraction of inclusion

X. Eq. 5 becomes:

- [ ~\ - Fig. 1.  Effective piezoelectric coefficients depending de tolumetric
<(X + 5X) ) (ﬂ- + 5"—) ’ (X + 5X)> =X ("— + 5"—) X (6) fraction of the inclusions (phase 1).

Restraining Eq. 6 to first order terms leads to:

2(X-L-6X)+ (X-6L-X)=X-60L-X )

— (D?), /D.° homogenizatio
- - <Di>2 /D" homogenizatio
, _ , , + (D), /D2 (D%), /D.*
The first term in the left side member is equal to zero. Indeed J Finite Element
X-L-6X is equal toY -6X that is the local variation of energy.
The field distribution verifies the minimum energy principle
so that the corresponding macroscopic variation of enesgy i
equal to zero. Finally Eq. 7 becomes: T

(X-0L-X)=X-6L-X (8)

The properties being uniform per phase, the averaging epera

tion can be decomposed as follows: B R R T
Volumetric fraction of inclusion

zn:fi<x-5mi-x>i:¥.5ﬂ[.i (9)

= Fig. 2. Second order moments of the electric induction irspladepending

on the volumetric fraction of the inclusions (phase 1).
where the operatof.), denotes an averaging operation over
the sole phaséand f; is the volumetric fraction of the phase

i. Thus, the second order moments per ph@se X), are V. CONCLUSION
obtained by derivation of the effective property tenkowith Homogenization tools have been used to determine second
respect to the phase properties. order moments in linear smart material composites. The main
~ advantage of such an approach is its computational timie{rat
(X ®X), = iy. oL X (10) 10%) compared to full field models such as Finite Element
Cfi Ol methods. The comparison to a Finite Element model for a

piezoelectric composite with matrix/inclusion microstiure
IV. APPLICATION TO PIEZOELECTRIC COMPOSITES shows a satisfying agreement.

In order to validate the proposed approach, the homog-
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